The effect of the anisotropy on the elastoplastic response of two dimensional packed samples of polygons is investigated here, using molecular dynamics simulation. We show a correlation between fabric coefficients, characterizing the anisotropy of the granular skeleton, and the anisotropy of the elastic response. We also study the anisotropy induced by shearing on the subnetwork of the sliding contacts. This anisotropy provides an explanation to some features of the plastic deformation of granular media.
I. INTRODUCTION
The mechanical behavior of granular materials has been largely investigated using constitutive models. These are empirical relations which are based on, for example, laboratory tests of soil specimens. On the other hand, the investigation of the soils at the grain scale, using discrete element modeling, has become possible in recent years. These models have provided a valuable understanding of many micro-mechanical aspects of soil deformation. In particular, numerical simulations of packings of disks evidence that the stress applied on the boundary of the assembly is transmitted through a heterogeneous network of interparticle contacts [1] . The geometric change of this network during deformation shows a structural anisotropy induced by shearing [2] [3] [4] . Numerical simulations have also shown a relevant number of contacts reaching the sliding condition, even when the sample is isotropically compressed [5, 1] . However, little work has been done in order to connect the sliding at the contacts to the plastic deformation of granular materials. The aim of this paper is to combine the continuous and the discrete approaches in the investigation of the anisotropic response of granular materials, taking into account the anisotropy induced in both sliding and nonsliding contacts.
We will numerically study the elasto-plastic response of a two-dimensional granular model material. The interparticle forces include elasticity, viscous damping and friction with the possibility of slippage. The system is driven by applying stress controlled tests at the boundary particles. The results show that the traditional fabric tensor is not sufficient to describe the complex elastoplastic response of granular materials. Additional parameters taking into account the anisotropy of the subnetwork of the sliding contacts are necessary to include in the description of the overall plastic deformations. This paper is organized as follows: The details of the particle model are presented in Sec. II. The contact forces are implemented by a Coulomb friction criterion, and the stress is controlled by the application of suitable forces at the boundary particles. The calculation of the constitutive relations is presented in Sec. III. Here we discuss the results in the framework of the DruckerPrager theory of elasto-plasticity. In Sec. IV we study the effect of the anisotropy of the contact network in the incremental elastic response of the assembly. In Sec. V some internal variables are introduced in the constitutive relations. These variables take into account the effect of the anisotropy induced in the subnetwork of the sliding contacts on the plastic deformation of the assembly.
II. MODEL
We present here an extension of those two-dimensional discrete element methods which have been used to model granular materials via polygonal particles [6, 7] . The details of the particle generation, the contact forces, the boundary conditions and the molecular dynamics simulations are presented in this section.
A. Generation of polygons
The polygons representing the particles in this model are generated by using the method of Voronoi tessellation [7] . This methods is schematically shown in Fig. 1 : First, a regular square lattice of side ℓ is created. Then, we choose a random point in each cell of the rectangular grid. Then, each polygon is constructed assigning to each point that part of the plane that is nearer to it than to any other point. The details of the construction of the Voronoi cells can be found in the literature [8, 9] .
Using the Euler theorem, it has been shown analytically that the mean number of edges of this Voronoi construction must be six [9] . The number of edges of the polygons is distributed between 4 and 8 for 98.7% of the polygons. We also found that the orientational distribution of edges is isotropic, and the distribution of areas of polygons is symmetric around its mean value ℓ 2 . The probabilistic distribution of areas follows approximately a Gaussian distribution with variance of 0.36ℓ 2 .
FIG. 1.
Voronoi construction used to generate the convex polygons. The dots indicate the point used in the tessellation. Periodic boundary conditions were used.
B. Contact forces
In order to give a three-dimensional picture of this model, one can consider the polygons as a collection of prismatic bodies with randomly-shaped polygonal basis. We assume that all the bodies have the same thickness L. The force between two polygons is written as F = L f and the mass of the polygons is M = Lm.
In reality, when two elastic bodies come into contact, they have a slight deformation in the contact region. In the calculation of the contact force we suppose that the polygons are rigid, but we allow them to overlap. Then, we calculate the force from this virtual overlap.
The first step for the calculation of the contact force is the definition of the line representing the flattened contact surface between the two bodies in contact. This is defined from the contact points resulting from the intersection of the edges of the overlapping polygons. In most cases, we have two contact points, as shown in the left of Fig. 2 . In such a case, the contact line is defined by the vector C = − −− → C 1 C 2 connecting these two intersection points. In some pathological cases, the intersection of the polygons leads to four or six contact points. In these cases, we define the contact line by the vector
, respectively. This choice guarantees a continuous change of the contact line, and therefore of the contact forces, during the evolution of the contact. The contact force is separated as f c = f e + f v , where f e and f v are the elastic and viscous contribution. The elastic part of the contact force is decomposed as f e = f e nn c + f e tt c . The calculation of these components is explained below. The unit tangential vector is defined ast c = C/| C|, and the normal unit vectorn c is taken perpendicular to C. The point of application of the contact force is taken as the center of mass of the overlapping polygons.
As opposed to the Hertz theory for round contacts, there is no exact way to calculate the normal force between interacting polygons. An alternative method has been proposed in order to model this force [6] . In this method, normal elastic force is calculated as f e n = −k n A/L c where k n is the normal stiffness, A is the overlapping area and L c is a characteristic length of the polygon pair. Our choice is L c = | C|. This normalization is necessary to reflect the fact that the normal elastic force must be proportional to an overlapping length as it was shown in bidimensional Hertzian contacts [10] .
In order to model the quasi-static friction force, we calculate the elastic tangential force using an extension of the method proposed by Cundall-Strack [11] . An elastic force f e t = −k t ∆x t proportional to the elastic displacement is included at each contact. k t is the tangential stiffness. The elastic displacement ∆x t is calculated as the time integral of the tangential velocity of the contact during the time where the elastic condition |f e t | < µf e n is satisfied. The sliding condition is imposed, keeping this force constant when |f e t | = µf e n . The straightforward calculation of this elastic displacement is given by the time integral starting at the beginning of the contact:
where Θ is the Heaviside step function and v c t denotes the tangential component of the relative velocity v c at the contact.
Here v i is the linear velocity and ω i is the angular velocity of the particles in contact. The branch vector ℓ i connects the center of mass of particle i with the point of application of the contact force. Eq. (1) allows to keep ∆x t at a length such that |f
The second summation on the left hand side of Eq. (4) goes over all the edges of the polygons in contact with the external contour of the assembly. We apply a force
on each selected segment
2 of the external contour of the assembly. Herex 1 andx 2 are the unit vectors of the Cartesian coordinate system. σ 1 and σ 3 are the components of the stress we want to apply on the sample, as we see in Subsec. III. m i and v i are the mass and the velocity of the particle i belonging to the boundary. ℓ b is the vector connecting the center of mass of the boundary particle i to the center of the boundary segment T b .
We use a fifth-order Gear predictor-corrector method for solving the equation of motion [12] . This algorithm consists of three steps. The first step predicts position and velocity of the particles by means of a Taylor expansion. The second step calculates the forces as a function of the predicted positions and velocities. The third step corrects the positions and velocities in order to optimize the stability of the algorithm. This method is much more efficient than the simple Euler approach or the RungeKutta method, especially for problems where very high accuracy is a requirement.
The parameters of the molecular dynamics simulations were adjusted according to the following criteria: 1) guarantee the stability of the numerical solution, 2) optimize the time of the calculation, and 3) provide a reasonable agreement with the experimental data.
There are many parameters in the molecular dynamics algorithm. Before choosing them, it is convenient to make a dimensional analysis. In this way, we can keep the scale invariance of the model and reduce the parameters to a minimum of dimensionless constants. First, we introduce the following characteristic times of the simulations: the loading time t 0 , the relaxation times t n = 1/γ n , t t = 1/γ t , t b = 1/γ b and the characteristic period of oscillation t s = k n /ρℓ 2 of the normal contact.
Using the Buckingham Pi theorem [13] , one can show that the strain response, or any other dimensionless variable measuring the response of the assembly during loading, depends only on the following dimensionless parameters: α 1 = t n /t s , α 2 = t t /t s , α 3 = t b /t s , α 4 = t 0 /t s , the ratio ζ = k t /k n between the stiffnesses, the friction coefficient µ and the ratio σ i /k n between the stresses and the normal stiffness.
The variables α i will be called control parameters. They are chosen in order to satisfy the quasi-static approximation, i.e. the response of the system does not depend on the loading time, but a change of these parameters within this limit does not affect the strain response. α 2 = 0.1 and α 2 = 0.5 were taken large enough to have a high dissipation, but not too large to keep the numerical stability of the method. α 3 = 0.001 is chosen by optimizing the time of consolidation of the sample during the application of the confining pressure. The ratio α 4 = t 0 /t s = 10000 was chosen large enough in order to avoid rate-dependence in the strain response, corresponding to the quasi-static approximation. Technically, this is performed by looking for the value of α 4 such that a reduction of it by half makes a change of the stress-strain relation less than 5%.
The parameters ζ and µ can be considered as material parameters. They determine the constitutive response of the system, so they must be adjusted with the experimental data. In this study, we have adjusted them by comparing the simulation of biaxial tests of dense polygonal packings with the corresponding tests with dense Hostun sand [14] . First, the initial Young modulus of the material is linearly related to the value of normal stiffness of the contact. Thus, k n = 160M P a is chosen by fitting the initial slope of the stress-strain relation in the biaxial test. Then, the Poisson ratio depends on the ratio ζ = k t /k n . Our choice k t = 52.8M P a gives an initial Poisson ratio of 0.07. This is obtained from the initial slope of the curve of volumetric strain versus axial strain. The angles of friction and the dilatancy are increasing functions of the friction coefficient µ. Taking µ = 0.25 yields angles of friction of 30 − 40 degrees and dilatancy angles of 20 − 30 degrees. The experimental data yields angles of friction between 40 − 45 degrees and dilatancy angles between 7 − 14 degrees. A better adjustment would be made by including different void ratios in the simulations, but this is out of the scope of this work.
III. STRESS-STRAIN RELATION
The characterization of the macroscopic state of a granular material in static equilibrium is usually given by the Cauchy stress tensor. The average of this tensor over the assembly leads to [15] 
The sum goes over all the forces acting over the boundary of the assembly. x b is the point of application of the boundary force f b . This force is defined in Eq. (6). A is the area enclosed by the boundary. The sum goes over all the boundary forces of the sample. Inserting Eq. (6) in Eq. (7) and taking the equilibrium condition v i = 0 leads to
Those sums can be converted into integrals over closed loops and the calculation of such integrals leads to
Thus, the stress controlled test is restricted to stress states without off-diagonal components. So we can simplify the notation introducing the pressure p and the deviatoric stress q in the components of the stress vector
In the same way, the incremental strain tensor can be calculated from the average of the displacement gradient over the area of the RVE. It has been shown [16] that it can be transformed in a sum over the boundary of the sample
Here ∆ u b is the displacement of the boundary segment, that is calculated from the linear displacement ∆ x and the angular rotation ∆ φ of the polygons belonging to it, according to
From the eigenvalues dǫ 1 dǫ 3 of dǫ ij we define the volumetric and deviatoric components of the strain as the components of the incremental strain vector:
By convention de > 0 corresponds to a compression of the sample. We are going to assume a rate-independent constitutive relation between the incremental stress and incremental strain tensor. In this case the incremental relation can generally be written as [17] :
whereθ is the unitary vector defining a specific direction in the stress space:
The constitutive relation results from the calculation of dǫ(θ), where each value of θ is related to a particular mode of loading. Some special modes are listed in Table  I .
In order to compare the resulting incremental response to the elasto-plastic theory, it is necessary to assume that the incremental strain can be separated into an elastic (recoverable) and a plastic (unrecoverable) component:
o pure shear dp = 0 dq < 0 315 o lateral stretching dσ1 = 0 dσ3 < 0 Here, D −1 is the inverse of the stiffness tensor D, and J = M − D −1 the flow rule of plasticity [18] . They can be obtained from the calculation of dǫ e (θ) and dǫ p (θ) as we will see below.
The method presented here to calculate the strain response has been used on sand experiments [19] . It was introduced by Bardet [20] in the calculation of the incremental response using discrete element methods. This method will be used to determine the elastic dǫ e and plastic dǫ p components of the strain as function of the stress stateσ and the stress directionθ.
First, it is isotropically compressed until it reaches the stress value σ 1 = σ 3 = p − q. Next, it is subjected to axial loading in order to increase the axial stress σ 1 to p + q. When the stress state with pressure p and deviatoric stress q is reached, the sample is allowed to relax. Loading the sample fromσ toσ + dσ the strain increment dǫ is obtained. Then the sample is unloaded toσ and one finds a remaining strain dǫ p , that corresponds to the plastic component of the incremental strain. For small stress increments the unloaded stress-strain path is almost elastic. Thus, the difference dǫ e = dǫ − dǫ p can be taken as the elastic component of the strain. This procedure is implemented on different "clones" of the same sample, choosing different stress directions and the same stress amplitude in each one of them.
This method is based on the assumption that the strain response after a reversal loading is completely elastic. However, numerical simulations have shown that this assumption is not strictly true, because sliding contacts are always observed during the unload path [21, 5] . In order to overcome this difficulty, Calvetti et al. [21] calculate the elastic part by removing the frictional condition setting µ = ∞, and measuring the purely elastic response dǫ ns of the assembly. Then the plastic component of the strain can be calculated as dǫ p = dǫ − dǫ ns . In our simulations, we have observed that the plastic deformation during the reversal stress path is less than 1% of the corresponding value of the elastic response. Within this margin of error, the method proposed by Bardet can be taken as a reasonable approximation to describe the elasto-plastic response. Fig. 3 shows the load-unload stress paths and the corresponding strain response when an initial stress state with σ 1 = 200kP a and σ 3 = 120kP a is chosen. The end of the load paths in the stress space maps into a strain envelope response dǫ(θ) in the strain space. Likewise, the end of the unload paths maps into a plastic envelope response dǫ p (θ). The yield direction φ can be found from this response, as the direction in the stress space where the plastic response is maximal. In this example, this is around θ = 87.2 o . The flow direction ψ is given by the direction of the maximal plastic response in the strain space, which is around 76.7
o . The fact that these directions do not agree reflects a non-associated flow rule, as it is observed in experiments on realistic soils [19] . 
IV. ELASTIC RESPONSE
Hooke's law of elasticity states that the stiffness tensor of isotropic materials can be written in terms of two material parameters, i.e. the Young modulus E and the Poisson ratio ν [22] However, the isotropy is not fulfilled when the sample is subjected to deviatoric loading. Indeed, numerical simulations [2, 23] and photo-elastic experiments [24] on granular materials show that loading induces a significant deviation from isotropy in the contact network.
A. Anisotropy of the contact network
The anisotropy of the granular sample can be characterized by the distribution of the orientations of the branch vectors ℓ, as shown in Fig. 4 . Each branch vector connects the center of mass of the polygon to the center of application of the contact force. Fig. 4 shows the branch vectors for two different stages of loading. The structural changes of micro-contacts are principally due to the opening of contacts whose branch vectors are oriented nearly perpendicular to the loading direction. Let us call Ω(ϕ)∆ϕ the number of contacts per particle whose branch vector is oriented between the angles ϕ and ϕ+∆ϕ, measured with respect to the direction along which the sample is loaded. The anisotropy of the contact network can be accurately described by a truncated series expansion. Here N = N 0 a 0 is the average coordination number of the polygons, whose initial value N 0 = 6.0 reduces as the load is increased. The parameters a 0 , a 1 and a 2 can be related respectively to the zeroth, second and fourth order fabric tensor defined in other works to characterize the orientational distribution of the contacts [2, 10] . Here, they will be called fabric coefficients. The dependence of the fabric coefficients on the stress ratio q/p is shown in Fig. 5 . We observe that for stress states satisfying q < 0.4p there are almost no open contacts. Above this limit a significant number of contacts are open, leading to an anisotropy in the contact network. Fourth order terms in the Fourier expansion are necessary in order to accurately describe this distribution.
B. Anisotropic stiffness
We will investigate the effect of the anisotropy of the contact network on the stiffness of the material. The most general linear relation between the incremental stress and the incremental elastic strain for anisotropic materials is given by
where D ijkl is the stiffness tensor [22] . Since the stress and the strain are symmetric tensors, one can reduce their number of components from 9 to 6, and the number of components of the stiffness tensor from 81 to 36. Further, by transposing Eq. (20) one obtains that D ijkl = D jilk , which reduces the constants from 36 to 21. In the particular case of isotropic materials, it has been shown that the number of constants can be reduced to 2 [22] :
Here E is the Young modulus and ν the Poisson ratio. The stress-strain relation of Eq. (20) has been inverted to compare to the elasto-plastic relation of Eq. (17) . The description of the general case of the anisotropic elasticity with 21 constants does not seem trivial. However, since we consider here only plane strain deformations, we can perform further simplifications. We take a coordinate system oriented in the principal stress-strain directions. Thus, the only non-zero components are dσ 11 ≡ dσ 1 and dσ 33 ≡ dσ 3 for the stress and dǫ 11 ≡ dσ 1 and dǫ 33 ≡ dσ 3 for the strain. The anisotropic elastic tensor connecting these components contains only three independent parameters. We can write Eq. (20) as
The additional parameter α is included here to take into account the anisotropy. When α = 0, we recover Hooke's law of Eq. (21). Eq. (17) is calculated from Eq. (22) by performing the transformation in the coordinates of the volumetric strain de = −dǫ 1 − dǫ 2 and deviatoric strain dγ = dǫ 2 − dǫ 1 , and the pressure p = (σ 1 + σ 2 )/2 and the deviatoric stress q = (σ 1 − σ 2 )/2. One obtains:
In the isotropic case α = 0 this matrix is diagonal. The inverse of the diagonal terms are the bulk modulus K = E/2(1 − ν) and the shear modulus G = E/2(1 + ν). The anisotropy α = 0 couples the compression mode with the shear deformation such that the compression of the sample will produce deviatoric deformation. This coupling can be observed from the inspection of the elastic part of the strain envelope responses dǫ e (θ) as shown in Fig. 6 . For stress values such as q/p ≤ 0.4 the stress envelope responses collapse on to the same ellipse. This response can be described by Eq. (23) taking α = 0. For stress values satisfying q/p > 0.4 there is a coupling between compression and shear deformations and it is necessary to take α = 0 in Eq. (23).
C. Stiffness and fabric
Comparing the calculation of the elastic response in Fig. 6 with the anisotropy of the contact network shown in Fig. 5 , a certain correlation is evident between the stiffness tensor and the fabric coefficients of Eq. (19) . We observe that Hooke's law is valid in the regime q/p < 0.4 where the contact network is isotropic. Moreover, we observe that the opening of the contacts, whose branch vectors are almost perpendicular to the direction of the load, produces a reduction of the stiffness in this direction. This results in an anisotropic elasticity. 6 . Elastic strain envelope responses dǫ e (θ). They are calculated for a pressure p = 160kP a and taking deviatoric stresses with q = 0.0p (inner), 0.1p, ...,0.7p (outer).
We are going to find a simple relation between the orientational distribution of the contacts and the parameters of the stiffness. These three parameters are calculated from the elastic response by the introduction of the quadratic form of D −1 :
R(θ) ≡σ T D −1σ = dp de e + dq dγ e dp 2 + dq 2 .
Hereσ T is the transpose ofσ, which is defined in Eq. (15) . This function can be directly obtained from the elastic part of the strain response dǫ e (θ). On the other hand, replacing Eq. (23) in Eq. (24) one can express R in terms of the parameters of the stiffness tensor:
Using this equation, the parameters E, ν and α are evaluated from the Fourier coefficients of R:
Figs. 7, 8 and 9 show the results of the calculation of the Young modulus E, the Poisson ratio ν and the anisotropy factor α. Below the limit of isotropy, Hooke's law can be applied: E ≈ E 0 , ν ≈ ν 0 and α ≈ 0. On the other hand, above the limit of isotropy a reduction of the Young modulus is found, along with an increase of the Poisson ratio and the anisotropy factor. In order to evaluate the dependence of these parameters on the fabric coefficients a i from Eq. (19), we introduce an internal variable measuring the degree of anisotropy. This variable is denoted by a and is defined as the percentage change of the total number of contacts.
where a 0 is defined in Eq. (19) . The dependence of the parameters of the stiffness tensor on the internal variable a is evaluated by developing the Taylor series around a = 0: The coefficients of this expansion are calculated from the best fit of those expansions. Figs. 7 and 9 show that the linear approximation is good enough to reproduce the Young modulus and the anisotropy factor. The fit of the Poisson ratio, is shown in Fig. 8 . The fitting with only one internal variable requires the inclusion of a quadratic approximation. To obtain more accurate relations, it may be necessary to introduce a more complex dependence on the fabric coefficients of Eq. (19).
V. PLASTIC DEFORMATIONS
In the elasto-plastic models of soils the plastic deformation is calculated by introducing a certain number of hypothetical surfaces [25] [26] [27] 18] . In the Drucker-Prager models, the so-called plastic flow rule is calculated from the yield surface and the plastic potential [25, 26, 18] . In the bounding surface plasticity, it is calculated from the loading surface and bounding surfaces [27] We will see that it is possible to calculate the parameters of the flow rule of plasticity, the flow direction, the yield direction and the modulus of plasticity, directly from the stress envelope response dǫ p (θ) without introducing such abstract surfaces.
A. Flow rule
In Fig. 3 we found that the plastic envelope response lies almost on a straight line, as is predicted by the Drucker-Prager theory [28] . This motivates us to define the parameters describing the plasticity in the same way as this theory: i.e. the yield direction φ, the flow direction ψ, and the plastic modulus h.
The yield direction is given by the incremental stress direction φ with maximal plastic deformation
The flow direction is defined from the orientation of the plastic response at its maximum value
Here atan2(y, x) is the four quadrant inverse tangent of the real parts of the elements of x and y.( −π <= atan2(y, x) <= π). The plastic modulus is obtained from the modulus of the maximal plastic response.
The incremental plastic response can be expressed in terms of these quantities. Let us define the unitary vectorsψ andψ ⊥ . The first one is oriented in the direction of ψ and the second one is the rotation ofψ of 90 o . The plastic strain is written as:
where the plastic components κ 1 (θ) and κ 2 (θ) are given by These functions are calculated from the resulting plastic response taking different stress values. The results are shown in Fig. 10 . We found that the functions κ 1 (θ − ψ) collapse on to the same curve for all the stress states. This curve fits well to a cosine function, truncated to zero for the negative values. The profile κ 2 depends on the stress ratio we take. This dependency is difficult to evaluate, because the values of this function are of the same order as the statistical fluctuations. In order to simplify the description of the plastic response, the following approximation is made:
where x ≡ xΘ(x), being Θ(x) the Heaviside step function. Now, the flow rule results from the substitution of Eqs. (34) and (36) into Eq. (18):
Although we have neither introduced yield functions nor plastic potentials, we recover the same structure of the plastic deformation obtained from the DruckerPrager analysis [28] . This result suggests the possibility to measure such surfaces directly from the envelope responses without need of an a-priori hypothesis about these surfaces. The next step is to verify the validity of the Drucker-Prager normality postulate, which states that the yield function must coincide with the plastic potential function [28] .
B. Normality postulate
The Drucker normality postulate was established to describe the plasticity in metals [28] . The question naturally arises as to its validity for the plastic deformation for soils. With this aim, the yield direction and the flow direction have been calculated for different stress states. The results prove that both angles are quite different, as shown in Fig. 11 . A large amount of experimental evidence has also indicated a clear deviation from Drucker's normality postulate [29] .
It is not surprising that the Drucker postulate, which has been established for metal plasticity, is not fulfilled in the deformation of granular materials. Indeed, the principal mechanism of plasticity in granular materials is the rearrangement of the grains by the sliding contacts. This is not the case of micro-structural changes in the metals, where there is no frictional resistance [30] . On the other hand, the sliding between the grains can be well handled in the discrete element formulation, which more adequately describes the soil deformation. The fact that the Drucker postulate is not fulfilled in the deformation of the granular materials has led to the so-called non-associated theory of plasticity [18] . This theory introduces a yield surface defining the yield directions and a plastic potential function, which defines the direction of the plastic strain. Both, yield surfaces and plastic potential function can be calculated from the yield and flow direction, which in turn are calculated from the strain envelope response using Eqs. (31) and (32) . According to Fig. 11 , they follow approximately a linear dependence with the stress ratio q/p:
The four parameters ψ 0 = 46
o are obtained from a linear fit of the data. This linear dependence with the stress ratio has been shown to fit well with the experimental data in triaxial [31] and biaxial [32] tests on sand. In fact, this implies that the plastic potential function and the yield surfaces have the same shape, independent on the stress level. This is a basic assumption from several constitutive models [25, 26] .
From Eq. (38), one can see that there is a transition from contractancy to dilatancy around q/p = 0.5. This transition is typically observed in dense sand under biaxial loading [26] . A consequence of this linear dependency is that ψ = 0 when q = 0. This implies the existence of deviatoric plastic strain when the sample is initially under isotropic loading conditions, which has also been predicted in the original Cam-clay model [25] .
The existence of deviatoric plastic deformation under extremely small loading appears to be in contradiction to the fact that the contact network remains isotropic below a certain stress ratio. This matter has also been discussed by Nova [26] , who introduced some modifications in the Cam-clay model in order to satisfy the isotropic condition [26] . However, we are going to show from a micromechanical inspection that the orientational distribution of the sliding contacts departs from the isotropy for extremely small deviatoric loadings.
C. Plasticity & sliding contacts
Under small deformations, the individual grains of a realistic soil behave approximately rigidly, and the plastic deformation of the assembly is due principally to sliding contacts (eventually there is fragmentation of the grains, which is not going to be taken into account here). A complete understanding of soil plasticity is possible, in principle, by the investigation of the micro-mechanical arrangement between the grains. We present here some observations about the anisotropy induced by loading in the subnetwork of the sliding contacts. This investigation will be useful to understand some features of plastic deformation.
The sliding condition at the contacts is given by |f t | = µf n , where f n and f t are the normal and tangential components of the contact force, and µ is the friction coefficient. When the sample is isotropically compressed, we observe a significant number of contacts reaching the sliding conditions. If the sample has not been previously sheared, the distribution of the orientation of the branch vectors of all the sliding contacts is isotropic.
This isotropy, however, is broken when the sample is subjected to the slightest deviatoric strain. In effect, at the very beginning of the loading, most of the sliding contacts whose branch vector is oriented nearly parallel to the direction of the loading leave the sliding condition. The anisotropy of the sliding contacts is investigated by introducing the polar function Ω s (ϕ), where Ω s (ϕ)∆ϕ is the number of sliding contacts per particle whose branch vector is oriented between ϕ and ϕ + ∆ϕ. This can be approximated by a truncated Fourier expansion: . 12 shows the orientational distribution of sliding contacts for different stress ratios. For low stress ratios, the branch vectors ℓ of the sliding contacts are oriented nearly perpendicular to the loading direction. Sliding occurs perpendicular to ℓ, so in this case it must be nearly parallel to the loading direction. Then, the plastic deformation must be such as dǫ • , in agreement with Eq. (38). Increasing the deviatoric strain results in an increase of the number of the sliding contacts. The average of the orientations of the branch vectors with respect to the load direction decreases with the stress ratio, which in turn results in a change of the orientation of the plastic flow. Close to the failure, some of the sliding contacts whose branch vectors are nearly parallel to the loading direction open, giving rise to a butterfly shape distribution, as shown in Fig. 12 . In this case, the mean value of the orientation of the branch vector with respect to the direction of the loading is around ϕ = 38 o , which means that the sliding between the grains occurs principally around A fairly close correlation between the orientation of the sliding contacts and the angle of dilatancy has also been reported by Calvetti et al. [21] using molecular dynamic simulations in triaxial tests. This correlation suggests that the plastic deformation of soils can be micromechanically described by the introduction of the fabric constants c i of the equation (39) in the constitutive equations. This investigation would lead to some extensions of the fabric tensor capturing the non-associativity of plastic deformation. 
D. Plastic modulus
The plastic modulus h defined in Eq. (33) is related to the incremental plastic strain in the same way as the Young modulus is related to the incremental elastic strain. Thus, just as we related the Young modulus to the average coordination number of the polygons, it is reasonable to connect h to the fraction of sliding contacts n s = N s /N . Here N and N s are the total number of contacts and the number of sliding contacts. Where h 0 = 80.0 ± 0.4GP a and n 0 = 0.066 ± 0.002. This exponential dependence contrasts with the linear relation between the Young modulus and the number of contacts obtained in Sec. IV. From this comparison, it follows that when the number of contacts is such that n s > n 0 , the deformation is not homogeneous, but is principally concentrated more and more around the sliding contacts as their number increases.
The above results suggest that it is possible to establish a dependency of the flow rule on the anisotropy of the subnetwork of the sliding contacts. This relation is more appropriate than just an explicit relation between the flow rule and the stress, which probes to be only valid in the case of monotonic loading [31] . Since the stress can be expressed in terms of micro-mechanical variables, branch vectors and contact forces, the identification of those internal variables measuring anisotropy and force distribution would provide a more general description of the dependence of the flow rule on the history of the deformation.
VI. CONCLUDING REMARKS
The effect of the anisotropy of the contact network on the elasto-plastic response of a Voronoi tessellated sample of polygons has been investigated. The most salient aspects of this anisotropy are summarized as follows:
• The incremental elastic response has a centered ellipse as an envelope response. Below the stress ratio q/p < 0.4, this response can be described by the two material parameters of Hooke's law of elasticity: the Young modulus and the Poisson ratio.
Above this stress ratio there is a dependence of the stiffness on the stress ratio, which can be connected to the anisotropy induced in the contact network during loading. We should state that this result might be dependent on the preparation procedure.
In particular, samples with void ratio different from zero show a smooth transition to the anisotropy, which requires further studies.
• The plastic envelope responses lie almost on the straight line defining the plastic flow direction ψ. The yield direction ψ and the plastic modulus h have also been calculated directly from the plastic response. The flow direction and yield direction depend on the stress ratio. In particular, the plastic flow for zero stress ratio has a non-zero deviatoric component suggesting an anisotropy induced for extremely small deviatoric strains. We found that this effect comes from the fact that the sliding contacts depart from anisotropy when the sample is subjected to the smallest deviatoric deformations.
We have also shown a correlation between the mean orientation of the sliding contacts and the flow direction of the plastic deformations.
• In the investigation of the connection between the plastic deformation and the number of sliding contacts, we found that the plastic modulus h decays exponentially as the fraction of sliding contacts increases. This contrasts with the linear decrease of the Young modulus E with the increase of the number of open contacts, suggesting that the deformation of the granular assembly is concentrated around the sliding contacts.
Since the mechanical response of the granular sample is represented by a collective response of all the contacts, it is expected that the constitutive relation can be completely characterized by the inclusion of some internal variables, containing the information about the micro-structural arrangements between the grains. We have introduced some internal variables measuring the anisotropy of the contact force network. The fabric coefficients a i , measuring the anisotropy of the network of all the contacts, prove to be connected with the anisotropic stiffness. On the other hand, the fabric coefficients c i , measuring the anisotropy of the sliding contacts, are related to the plasticity features of the granular materials.
Future work should be oriented towards the elaboration of a theoretical framework connecting the constitutive relation to these fabric coefficients. To provide a complete micro-mechanically based description of the elasto-plastic features, the evolution equations of these internal variables must be included in this formalism. This theory would be an extension of the ideas which have been proposed to relate the fabric tensor to the constitutive relation of granular materials [33, 2, 10] .
